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Let X be a Hausdorff topological space and exp(X) be the space of all (nonempty) closed
subsets of a space X with the Vietoris topology. We consider hereditary normality-type
properties of exp(X). In particular, we prove that if exp(X) is hereditarily D-normal, then
X is a metrizable compact space.
© 2009 Elsevier B.V. All rights reserved.
Throughout this paper, all topological spaces are assumed to be Hausdorff. An ordinal is the set of smaller ordinals and
a cardinal number is an initial ordinal. Other terminology and notations not deﬁned in this paper can be found in [5].
We consider the hyperspace exp(X) of all (nonempty) closed subsets of a space X with the Vietoris topology whose base
is determined by ﬁnite sets U1,U2, . . . ,Un of open subsets of the initial space X as follows
〈U1,U2, . . . ,Un〉 =
{
F ∈ exp(X): F ⊆
⋃
{Ui: i  n}, F ∩ Ui = ∅, i  n
}
.
Let us remember that expn(X) = {F ∈ exp(X): |F |  n} for every n < ω. It is well known that the subspace exp1(X) is
homeomorphic to X .
Theorem 1 is well known.
Theorem 1. If exp(X) is perfectly normal, then X is a metrizable compact space.
Every perfectly normal space is hereditarily normal, is hereditarily countably paracompact, and is perfect that is all closed
subsets are of type Gδ in this space.
M.M. Choban [4] gave the next generalization of Theorem 1.
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Theorem 3 was proved in [8].
Theorem 3. ([8]) If exp(X) is hereditarily countably paracompact, then X is a metrizable compact space.
V.V. Popov [14] gave another generalization of Theorem 1.
Theorem 4. ([14]) Any regular space X such that exp(X) is perfect is a metrizable compact space.
We call a space ω-perfect if all of its separable closed subsets are of type Gδ . Every perfect space is ω-perfect. An example
of an ω-perfect space not being perfect is the space of all countable ordinals. The following strengthening of Theorem 4
was proved in [9].
Theorem 5. ([9]) Any Hausdorff space X with ω-perfect exp(X) is a metrizable compact space.
Obviously, Theorem 5 has the following immediate consequence which is also a generalization of Theorem 4.
Theorem 6. ([9]) Any Hausdorff space X with perfect exp(X) is a metrizable compact space.
Recall that a space is said to be δ-normal [13] if every regular Gδ-set has arbitrarily small closed neighborhoods. A subset
G of a topological space is a regular Gδ if it is the intersection of the closures of a countable collection of open sets each of
which contains G . Every normal space is δ-normal. In 1970, Mack [13] proved that X is countably paracompact if and only
if its product with the closed unit interval is δ-normal, and that each countably paracompact space is δ-normal. Let us also
consider the following normality-type property deﬁned by A.V. Arhangel’skii [1]. A space is said to be weakly normal over a
class P of topological spaces if for any two disjoint closed sets F1 and F2 from X , there exist a space P ∈ P and a continuous
mapping f : X → P such that
f (F1) ∩ f (F2) = ∅.
The spaces weakly normal over the class of separable metric spaces are said to be weakly normal. Obviously, any normal
space is weakly normal. The converse is false because, for example, any space which can be one-to-one continuously mapped
to a separable metric space is weakly normal. Let us slightly modify Arhangel’skii deﬁnition and consider the next condition.
For the class M of metric spaces and for any two disjoint closed sets F1 and F2 from X , there exist a space M ∈ M and a
continuous mapping f : X → M such that
f (F1) ∩ f (F2) = ∅.
It is not diﬃcult to see that this condition is equivalent to the deﬁnition of normal spaces. The situation changes if we
consider the class D of all developable spaces instead of the class M of metric spaces. Let us remember that a topological
space X is called developable if it has a development, that is a sequence {wn: n < ω} of open covers of X such that for each
x ∈ X the collection {St(x,wn) =⋃{W : W ∈ wn; x ∈ W }: n < ω} is a neighborhood base of x. The class D has turned out
to be one of the most natural and useful generalizations of metrizable spaces (see, for example, [5]). In 1981 H. Brandenburg
proved the following theorem.
Theorem 7. ([2]) The following conditions are equivalent for a topological space (X, τ ).
(1) For every pair A, B of disjoint closed subsets of X there exists a pair F ,G of disjoint closed Gδ-sets such that A ⊆ F and B ⊆ G.
(2) For every ﬁnite open cover α of X there exists a ﬁnite open Fσ -cover β of X (i.e., each B ∈ β is an open Fσ -set) which reﬁnes α.
(3) For every ﬁnite open cover α of X there exist a developable topology τ ′ ⊆ τ and a τ ′-open cover β of X which reﬁnes α.
(4) For every pair A, B of disjoint closed subsets of X there exists a continuous mapping f : X → Y into developable T1-space Y such
that f (A) ∩ f (B) = ∅.
H. Brandenburg [2] called a topological space D-normal if it satisﬁes one of the equivalent conditions (1)–(4) of The-
orem 7. Every normal topological space is D-normal. Perfect and developable spaces, in particular Moore spaces, are
D-normal. Thus, there are fairly many D-normal spaces not being normal. The simplest and best-known example is the
squared Sorgenfrey line which is hereditarily D-normal and is hereditarily weakly normal (in the sense of A.V. Arhangel’skii)
and is not δ-normal. The product ω1 × (ω1 + 1) is a regular δ-normal space which is not D-normal. This is a consequence
of the results due to T.R. Kramer [12, Example 3.1]. The product ω1 × (ω1 + 1) is not weakly normal by results in [1]. The
product S2 × Nτ of the squared Sorgenfrey line S and the discrete space Nτ of cardinality τ > 2ω is not weakly normal [15]
but is D-normal. The Tychonoff plank is an example of weakly normal space which is not D-normal.
H. Brandenburg also proved the following Theorem 8 which is a generalization of famous Katetov Theorem [7].
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countable subset of X is closed or Y is perfect.
Can one use weak normality instead of normality in Theorem 2? It is easy to see that this is not the case. Indeed, there
exists a one-to-one continuous mapping of exp(ω) onto Dω so that the hyperspace exp(ω) is hereditary weakly normal but
that the discrete countable space ω is not compact. The following theorem is proved in [10].
Theorem 9. ([10]) If X is a countably compact space and exp(X) is hereditarily weakly normal, then X is a perfectly normal heredi-
tarily separable compact space.
Is a compact space X with hereditarily weakly normal exp(X) metrizable? The answer to this question is not known.
Next Theorem 10 is a common extension of Theorems 2 and 3.
Theorem 10. ([11]) If exp(X) is hereditarily δ-normal, then X is a metrizable compact space.
The main result of this paper is Theorem 11 which is a common extension of Theorems 2 and 6.
Theorem 11. If exp(X) is hereditarily D-normal, then X is a metrizable compact space.
We need next lemmas and theorems in order to prove Theorem 11.
Lemma 1. Let x ∈ X, a set M be a countable subset of a space Y , and y ∈ M \ M. Suppose that the space X × Y \ {(x, y)} is D-normal.
Then x is a Gδ-point in X.
Proof. Let A = (X \ {x}) × Y and B = X × (Y \ {y}). Then A and B are disjoint and closed subsets in the D-normal space
X × Y \ {(x, y)}. Thus there exist disjoint closed Gδ-sets F and G such that A ⊆ F and B ⊆ G . Let Vi , i < ω, be open
sets such that G =⋂{Vi: i < ω}. For every natural number i < ω and for every point m ∈ M we deﬁne an open (in X )
subset Vi,m = {z ∈ X: (z,m) ∈ Vi}. Since (x,m) ∈ B ⊆ G ⊆ Vi , we have x ∈ Vi,m for all i < ω, m ∈ M . Let us prove that {x} =⋂{Vi,m: i < ω, m ∈ M}. Let z ∈⋂{Vi,m: i < ω, m ∈ M}. If z = x then (z, y) ∈ A ⊆ F . Since F ∩ G = ∅ we see (z, y) /∈ G . The
set G is closed, so there exist neighborhoods O z and O y of points z and y correspondingly such that O z × O y ⊆ (X ×Y )\G .
Since y ∈ M , there exists a point m ∈ M such that m ∈ O y . But z ∈ Vi,m for every index i < ω, so (z,m) ∈ Vi for every
i < ω. Hence (z,m) ∈⋂{Vi: i < ω} = G which contradicts with the condition (z,m) ∈ O z × O y ⊆ (X × Y ) \ G . Lemma 1 is
proved. 
Following [6], we denote by αNτ where τ is an inﬁnite cardinal number, the Alexandroff compactiﬁcation, or the one-
point compactiﬁcation of a discrete set Nτ of cardinality τ . Let αNτ = Nτ ∪ {τ }. The Alexandroff compactiﬁcation of the set
of natural numbers N is denoted by αN .
The next Lemma 2 follows directly from Lemma 1.
Lemma 2. If the cardinal number τ is uncountable, then the space ((αNτ ) × (αN)) \ {(τ ,ω)} is not a D-normal space.
Let Q be a topological property (a class of topological spaces). A space X is said to be point-Q , if for every x ∈ X a
subspace X \ {x} has the property Q .
As an immediate corollary to Lemma 1, we obtain the following Theorem 12.
Theorem 12. If a product X × Y is point-D-normal and Y contains a countable non-closed subset, then the pseudocharacter of the
space X is countable.
Lemma 3. The space exp2(αNτ ) \ αNτ contains ((αNτ ) × (αN)) \ {(τ ,ω)} for any inﬁnite cardinal number τ .
Proof. Using the natural embedding of αNτ = Nτ ∪ {τ } in α(Nτ ⊕ N) = (Nτ ⊕ N) ∪ {τ } where α(Nτ ⊕ N) is the Alexan-
droff compactiﬁcation of a discrete set Nτ ⊕ N , we introduce the homeomorphism ξ of the product (αNτ ) × (αN) to
exp2(α(Nτ ⊕ N)) deﬁned by formulas ξ(x,n) = {x,n} and ξ(x,ω) = {x, τ } where x ∈ αNτ and n < ω. Let us note that
only one point of the product is in exp1(α(Nτ ⊕ N)), namely, the point ξ(τ ,ω) = {τ }. Therefore, ξ homeomorphically maps
((αNτ )× (αN))\ {(τ ,ω)} to exp2(α(Nτ ⊕N))\α(Nτ ⊕N). But the discrete space Nτ ⊕N is homeomorphic to the space Nτ ;
therefore, exp2(α(Nτ ⊕N))\α(Nτ ⊕N) is homeomorphic to exp2(αNτ )\αNτ as well. The composition of ξ and this home-
omorphism yields the desired embedding of ((αNτ ) × (αN)) \ {(τ ,ω)} in exp2(αNτ ) \ αNτ which completes the proof of
Lemma 3. 
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space.
Proof. As is known, exp1(X) is homeomorphic to X , so we identify spaces exp1(X) and X . If the set of accumulation
points of X is empty, then the countably compact space X is ﬁnite, and the assertion is obvious. Let a point x0 ∈ X be
an accumulation point. Suppose that if F is a closed subset of a space X such that x0 /∈ F , then F is ﬁnite. Obviously, the
space X is the Alexandroff compactiﬁcation of a discrete set X \ {x0} in this case. If |X | = τ , then X \ {x0} is homeomorphic
to Nτ and X is homeomorphic to αNτ . So exp3(X) \ X contains exp2(αNτ ) \ αNτ . The space exp2(αNτ ) \ αNτ contains
((αNτ ) × (αN)) \ {(τ ,ω)} by Lemma 3. It follows from Lemma 2 that if the cardinal number τ is uncountable, then the
space ((αNτ ) × (αN)) \ {(τ ,ω)} is not D-normal. Hence τ is countable which implies that X is a convergent sequence.
Assume now that U is an open set such that x0 ∈ U and the set X \ U is inﬁnite. Since X is countably compact,
then the subspace X \ U is countably compact. Thus, there is a countable non-closed subset Q ⊆ X \ U because X \ U is
inﬁnite. Let z ∈ Q \ Q ⊆ X \ U . Since x0 /∈ X \ U , we see that x0 = z. Therefore, there are disjoint open neighborhoods Ox0
and O z of points x0 and z, respectively. Let V = Ox0 ∩ U . Then V ⊆ U and z /∈ V because O z ∩ V = ∅. Let us deﬁne the set
R = (Q ∩ (X \ V ))∪{z}. Since |Q | = ω, we have that R is countable. Conditions z ∈ X \V and z ∈ Q \ Q imply that z ∈ R \{z}.
The sets V and R do not intersect. Thus the product exp2(V ) × R is a subset of exp3(X) \ X by the continuous mapping
({a,b}, c) → {a,b, c} which “forgets” the order. Therefore, the product exp2(V ) × R is a hereditarily D-normal space. Since
R contains countable non-closed subset R \ {z}, the space exp2(V ) is perfect, by Theorem 8. Hence and the closed set V
is Gδ-subset of the space exp2(V ). The set V is a continuous image of the diagonal 	 = {(x, x) ∈ V × V : x ∈ V } by the
continuous mapping f . Here f : V × V → exp2(V ) is the mapping (a,b) → {a,b} which “forgets” the order. It follows that
the closed set 	 is a Gδ-set in V × V , and, hence, V is a countably compact space with a Gδ-diagonal. So V is a compact
space by Chaber Theorem [3] and is metrizable by Šneiˇder Theorem [5, 4.2.B]. Since V is a metrizable space, then V is
regular, so there exists an open neighborhood W of the point x0 such that W ⊂ V . But then sets X \ V and W are disjoint.
And consequently, the product exp2(X \ V ) × W is homeomorphic to a subspace of the space exp3(X) \ X by the mapping
({a,b}, c) → {a,b, c}. Since the point x0 is not an isolated point of the metrizable neighborhood W , then x0 is a limit point
of convergent sequence. It means, that the space W contains a countable non-closed subset. Applying Theorem 8, Chaber
Theorem and Šneiˇder Theorem again, we have that X \ V is a metrizable compact space. Since X = V ∪ (X \ V ), then X is a
metrizable compact space because X is the union of two metrizable compact subspaces [5, 3.1.20]. The proof of Theorem 13
is complete. 
Theorem 14. If a space exp(X) \ exp1(X) is hereditarily D-normal, then X is a metrizable compact space.
Proof. Again, we identify exp1(X) and X . Let X contain a countable discrete closed subset ω. There exist two disjoint
closed sets Z1 and Z2 such that every Zi , i = 1,2, is homeomorphic to ω, and ω = Z1 ∪ Z2. It is easy to see that
exp(Z1) × exp(Z2) ⊆ exp(X) \ exp1(X). The countable subset Φ = {{m ∈ ω: m  n} ∈ exp(ω): n < ω} is not closed. Indeed,
{n ∈ ω: n < ω} ∈ (Φ \ Φ). So exp(Z2) contains a countable non-closed subset. Since exp(Z1) × exp(Z2) is hereditarily D-
normal, then the space exp(Z1) is perfect by Theorem 8. Therefore, by Theorem 6, the space Z1 is compact which is not
the case and implies that X is a countably compact space and, by Theorem 13, that X is a metrizable compact space.
Theorem 14 is proved. 
Theorem 11 is the main result of this paper and is an immediate consequence of Theorem 14.
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